Abstract. We derive and analyze an a posteriori error estimate for the mini-element discretization of the Stokes equations. The estimate is based on the solution of a local Stokes problem in each element of the nite element mesh, using spaces of quadratic bump functions for both velocity and pressure errors. This results in solving a 9 9 system which reduces to two 3 3 systems easily invertible. Comparisons with other estimates based on a Petrov-Galerkin solution are used in our analysis, which shows that it provides a reasonable approximation of the actual discretization error. Numerical experiments clearly show the e ciency of such an estimate in the solution of self adaptive mesh re nement procedures.
1. Introduction. The need for accurate solutions of large scale problems (in particular) in Computational Fluid Dynamics has made the use of adaptive, automatic re-meshing very attractive for nite element computations of approximations to solution of partial di erential equations 2]. A posteriori error estimates/estimators were introduced in order to provide an information about the local and global quality of the computed nite element solution. They allow the automatic determination of the zones in the mesh which require some re nement or unre nement.
In this paper we present and analyze an error estimate for the Stokes problem 13], which plays a center role in the solution of more complicated problems arising in particular in Computational Fluid Dynamics 12] In section 2, we introduce the equations and the notations used. These equations were solved using a two-level iterative scheme applied to a mini-element discretization of the corresponding variational formulation 6].
Numerous a priori and a posteriori error estimates for elliptic problems 3], for inde nite problems like the Stokes equations 16] or more general problems 2] have already been derived. In particular our new estimate can be viewed as a simplication of the one presented in 16] . Because a direct analysis of this estimate was quite di cult, we compared the mini-element formulation 1] 7] 8] with the method proposed by T.J.R. Hughes et al. 10] for solving the Stokes problem, and performed our analysis on the Petrov-Galerkin scheme.
Section 3 contains a presentation of the error estimate, which is based on the solution of a local Stokes problem in each element. This estimate is shown to be both a global upper and lower bound of the discretization error, by comparing it to an estimate derived from the Petrov-Galerkin approach.
In section 4, we test this estimate on several classical problems and demonstrate its e ciency in grid adaptation.
The Stokes Equations. In this section we consider a mixed nite element approximation of the following Stokes equations 9]:
Find u (velocity eld, 2 components) 2 (H 1 ( )) 2 which guarantees existence and uniqueness of a solution (u; p) of (2.8) (or (2.1)).
Let T be a triangulation of such that any two triangles in T share at most a vertex or an edge. For 2 T let h be the diameter of and E the set of (three) edges on @ . Let h = max 2T h . The set E contains all interior edges and for e 2 E we denote by h e the length of e. We suppose also that the triangulation T satis es a minimal angle condition, i.e. the smallest angle in triangle 2 T is bounded away from zero by some constant independent of h. This Note that since X and Y are contained in L 2 the L 2 -inner product on X and Y is the usual L 2 -inner product.
Problem (2.8) can be solved using a good choice of spaces for u and p. A classical development of an a posteriori error estimate for this system is di cult, mainly because the mini-element discretization is not a member of a sequence of discretizations of varying degrees of approximation.
However, we can take advantage of the similarity between the mini-element formulation and the Petrov-Galerkin method of T. J. R. Hughes It is well known that the use of either piecewise linear or piecewise quadratic velocity and pressure terms yields a stable formulation, provided that the coe cient (3600 ) ?1 is small enough. We now show that the matrix of the resulting system is non singular (equivalent to the fact that the formulation satis es an inf-sup condition). To see this we will need the following lemma: We have also Q = spanf 1 It is true in particular in K K K (but not all of Q Q Q). As an indication, c 5 < 2 when the minimal angle in the triangulation is greater than 1 degree, which gives 2 < 120 (c 5 < 0:4 for a minimal angle greater than 5 degrees, or 2 < 24).
Another important case where the semi-norms are equivalent is the following The linear part (u h;l ; p h ) of the computed solution (u h ; p h ) in the mini-element formulation is certainly a good approximation of the solution (u; p) of the initial problem, and that the bubble part of this solution is only introduced for stability reasons and does not improve the approximation of the velocity and pressure terms, as was pointed out in 16].
In the next section we take advantage of this special similarity between these two formulations in order to carry out the analysis of our error estimate.
3. An a posteriori error estimate based on the solution of a local Stokes problem. The goal of this section is to de ne an estimation of the discretization errors (e; ) = (u; p)?(u L ; p L ) and (e 0 ; 0 ) = (u; p)?(u h;l ; p h ) for the Petrov-Galerkin and Mini-Element formulations respectively. The estimates are based on the solution of local Stokes problems (i.e. de ned in each element). The analysis and derivation of these small problems extend the work done by Bank and Weiser for elliptic problems 5]. 11 The main results presented here are Theorem 3.6 and Corollary 3.11, which show that the estimates provide a good global assessment of the discretization error, under reasonable assumptions. In the sequel of the paper we will need some notion of convergence of the nite element solutions (u L ; p L ) and (u Q ; p Q ) to the weak solution (u; p) of (2.1). This estimate of the di erence between the two right-hand sides of the systems de ning the two error estimates (ẽ;~ ) and ( e; ) allows us to get a bound for the di erence between the estimators themselves, since both systems have the same lefthand side which is positive de nite on the space K 3 . Indeed, for (v; q) = (ẽ;~ ) ? ( e; ) 2 Q 3 in the previous lemma, we have: kj(ẽ;~ ) ? ( e; )kj 2 for (v; q) 2 K 3 .
Note that the right-hand side has not changed and that only the Laplace term has been removed from the left-hand side, when compared to the system (3.13). In the case of a boundary triangle, the equations in the system (3.17) associated with the corresponding edge(s) are replaced by a scaled version of the Dirichlet boundary condition e 00 = u ? u h;l , where u h;l represents the linearly interpolated value of u h;l at the midpoint of the edge. Thus all elements but the diagonal terms in the corresponding rows of M are zeroed out.
Since K( ) does not contain the constant functions, the matrix A is symmetric positive de nite. If is an interior triangle, then the Schur complement C = C 0 +S of M , with C 0 B ;x A ?1 B t ;x + B ;y A ?1 B t ;y , is therefore well de ned, and because S is positive de nite, C is also positive de nite. The matrix C 0 can in fact be shown to be independent of the geometry of the triangle , even though the matrices A , B ;x and B ;y are not (see 17]).
In a boundary element, the matrix C 0 does now depend on the geometry of the element, but is still positive semi-de nite, so that C is non-singular.
Hence the matrix M is non singular since so that the system (3.17) has a unique solution (the non-singularity of the Schur complement C (and hence its positive de niteness), together with the non-singularity of A , is equivalent to the stability of the discretization of the error, i.e. the discretization will satisfy a local Babu ska-Brezzi type condition).
In our nal theorem we compare this last estimate with the discretization error resulting from the mini-element formulation. 
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(a) Velocity eld on the uniform grid.
(b) Velocity eld on the adapted grid. We rst solve our Stokes problem on a coarse grid consisting of NV = 15 vertices and NT = 16 triangles (Fig. 4.10(a) ), then re ne either uniformly or adaptively, thus creating two sequences of meshes of increasing and comparable size (or degrees of freedom = d. of f.)(see Tables 4.1 Pressure elevations are plotted on the uniform and adaptive re ned grids (Figures 4.12(a)(b) ).
The solution was computed on each grid, along with error estimates. During the re nement process, these estimates were computed using an interpolation scheme (one Jacobi sweep) for the values at the new nodes. Consequently their accuracy deteriorates along with the number of re nement steps; however had we used intermediate recalculations to base the computation of the estimates on, we would have gotten a mesh with more levels of re nement around the singularity (hence giving a higher level for the pressure). in that regard the use of interpolated values instead of computed solution values had a grid smoothing e ect. 
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We can measure the e ciency of our estimate both locally and globally: we perform a convergence analysis on the two sequences of (uniform and adapted) meshes and evaluate in particular the \e ectivity ratio" q de ned as the ratio of the exact global error kj(e; )kj to the estimated global error kj(e 00 ; 00 )kj, and report the results in Tables 4.1 Convergence analysis and e ectivity ratio for a sequence of adapted meshes.
From the results in the column \digits" it is clear that the convergence is much better in the adaptive case than in the uniform one. we plot the estimated error vs the exact error to test the local behavior of the estimate, and its propensity to recognize the regions in the mesh needing some re nement or unre nement (Figures 4.13(a)(b) and 4.14(a)(b)). In Table 4 .3 are listed the convergence rates for both uniform and adaptive cases, in the energy norm, as well as in the H 1 0 norm (kr k) for the velocity and the L 2 norm of the pressure, which both are regrouped in the energy norm. These numbers are such that 10 ?digits NV ? =2 h (in the least square sense). The row labeled \B-D" refers to a priori estimates results published by Brezzi and Douglas 8].
All convergence rates are based on a least square tting from the number of correct digits in the solution for each of the grids in the (uniform and adapted) sequences. In the uniform case these values are smaller than expected from the a priori estimates given by Brezzi and Douglas, except maybe for the H 1 0 norm of the pressure, mainly because the solution does not have here the regularity required in the derivation of their estimates. Note the singularity has about the same e ect on the L 2 and H 1 0 norms for the velocity, this e ect being less obvious on the pressure. Note also that the di erence between the convergence in L 2 and H 1 0 norms is of the order of unity, 32 which corresponds to one power of h in the estimates in 8]. In the adaptive strategy the rates of convergence are increased back to the expected levels (velocity) or more (pressure), yielding a superlinear convergence in the energy norm (on a computational point of view, the adaptive re nement has somehow regularized the solution around the singularity).
Finally we plot the (estimated and exact) errors in both cases. Since the estimates are given by triangles, they are transformed into errors on the vertices by averaging between all the triangles neighbor of a node, as in the previous examples. On the other hand exact errors are known at the vertices. However, in order to compare similar results, these are used to compute errors in each triangle based on the energy norm of interpolated errors at the midpoints of all interior edges. Then an averaging identical to the one above is performed to get an error at the vertices. On Figures 4.13(a)(b) (uniform case) and 4.14(a)(b) (adapted case) we can note that the estimate is in good agreement with the exact error, thus providing a nice tool for adapting grids, especially when discontinuities or steep variations in the solution occur. 
